Fighter agility metrics determined from measured or calculated data can be sensitive to the coordinate system used. Although simple and intuitive, agility metrics expressed in Cartesian coordinates are not always robust to variations in initial conditions and uncertainties in physical characteristics. This paper seeks to establish the relationship between form of agility equations and the measured non-poststall agility of high performance aircraft. Cartesian-coordinate-based agility metrics consisting of the time to roll through bank angle metric, time-averaged integral of pitch rate metric, and power onset/loss parameter metrics are compared to the Beck metrics, which are based in the Frenet coordinate system. Each metric is evaluated with initial condition errors and parametric uncertainties, and linear error theory is used to determine how linearly the errors propagate. Results presented demonstrate that accuracy of measured agility metrics is directly in uenced by choice of coordinate system, and recommendations on which coordinate system to use with each agility metric are provided. 
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Understandingthe effects of nonlinearitiesin dynamical systems, the validity of linear systems used to analyze them, and the propagation of errors is central to the study of agility metrics. Bohacek and Jonckheere 3 investigated the structural stability of linear dynamically varying systems, or linearized models of nonlinear systems on compact sets. Smith and Valasek 4 used linear error theory to study the robustness of agility metrics to error propagation, or how measurement errors propagate with time through the nonlinear differential or algebraic agility equations. Four agility metrics were evaluated: the time to roll through bank angle metric, timeaveraged integral of pitch rate metric, the power onset metric, and power loss parameter metric. Because many of the most important agility metrics can be represented by more than one equation, the question to be answered is the following: Which particular equations are robust with respect to errors and by how much? Errors cannot be avoided altogether, but if errors can be shown to propagate linearly with time through a particular equation, then agility results obtained with that equation might be considered acceptable. On the other hand, if it can be shown that errors propagate nonlinearly with time through an equation, then agility results obtained with that equation could realistically be regarded with skepticism or discarded altogether. Additionally, equations can be expressed in numerous coordinatesystems; therefore,another question is as follows: Which form of the equation (with respect to coordinate system) is more robust with respect to errors and by how much?
This paper compares the error sensitivity and propagationof four non-poststall agility metrics expressed in Cartesian coordinates 1 to the error sensitivity of agility metrics expressed in Frenet coordinates for the same input data. Starting with Frenet-axis agility metrics parameterizedin terms of Cartesian body-axisaccelerationsand rates, a new parameterizationis derived in terms of Cartesian bodyaxis forces, moments, and moments of inertia. Linear error theory is then used to perform an error propagation sensitivity analysis on each agility metric, using a nonlinear, non-real-time,six-degree-offreedom simulation of an uninhabited air vehicle (UAV). Finally, results are presented that directly compare the robustness of the different parameterizations to errors.
Agility Metrics
Aircraft agility describes the transient capability of the aircraft, or how responsively the aircraft transitions from one steady state to another. Agility metrics have been proposedto quantifythis multidimensional behavior.Agility metrics more completelyde ne maneuvering performance by quantifyingthe maneuvers that dynamically change ight conditionsthan steady-stateor point performancemeasures. These metrics measure the effects engine characteristicssuch as engine spool time and maximum thrust, roll performance while operatingat high but non-poststallangles of attack, thrust vectoring, and pitching and load factor capabilities of the aircraft. 5 Later work by Beck and Cord 6 followed a strictly mathematical approach to the de nitions of maneuverabilityand agility of Ref. 5 . In their work, Beck and Cord 6 have the following de nitions: 1) Maneuverability is a measure of the ability of an aircraft to achieve and transition between steady maneuvers.
2) Maneuver performance is a measure of the aircraft's steady capability.
3) Agility is measure of the aircraft's capability to transition between states.
These terms are then related to the derived velocity, acceleration, jerk, and burst motion vectors in the Frenet axis system, shown in Fig. 1 . The Frenet reference frame is a noninertial system that osculates the trajectory of the mass center, in which the X F axis is tangential to the ight path, the principal normal axis Y F is perpendicular to X F and lies in the maneuver plane formed by the velocity vector and the total force vector, and the Z F binormal axis is perpendicular to the maneuver (X F Y F ) plane. It is oriented in a right-handed coordinate system, with the quantities t, n, and b representing unit vectors along the X F ; Y F , and Z F axes, respectively. 6 The maneuver performance parameters are characterized by the translationalrate and rotationalrates, and the agility componentsare speci ed by the maneuver performance parameters and their derivatives. The velocity of the aircraft expressed in the Frenet system is given by
where v is the speed of the aircraft. The rotation of the Frenet axis system with respect to the inertial axis system is de ned by the rotation vector,
The rst componentof the rotationvector, p f , is the maneuver-plane roll rate, and ! is the turn rate in the maneuver plane. The rotation component about the normal axis, q f , is identically zero as there is no componentof force in the binormal direction. 6 Using Eq. (2) and differentiating Eq. (1) gives the acceleration vector
Differentiating again gives the jerk vector
Finally, taking the derivative of the jerk vector gives the burst vector,
The components of the motion vectors are related to the maneuver performance metrics and the agility metrics. The resulting Beck maneuver performance metrics (see Ref. 6 ) are as follows. Axial maneuver performance:
Curvature maneuver performance:
Torsional maneuver performance:
The Beck agility metrics (see Ref. 6 ) are as follows. Axial agility:
Curvature agility:
Torsional agility:
McKeehen and Cord 7 investigated the application of these maneuver performance and agility metrics, which they labeled as the Beck metrics, to aircraft data. Two methods were used to calculate the Beck axial, curvature, and torsional metrics. The rst transformed vectors de ned relative to a body-xed axis system to the Frenet axis system, using a coordinate transformation to calculate the parameters of the Beck metrics. The second method used the inertial position vector and its derivativesand utilized the vector analytical/differential geometric quantities of curvature · and torsion ¿ to calculate the parameters of the Beck metrics.
Calculation of the Beck metrics using the rst method is outlined here. Consider an axis system with mutually orthogonalaxes labeled X b , Y b , and Z b originating from the center of gravity of an aircraft and rigidly attached to it with the orientation shown in Fig. 2 . This coordinate system will be called the body-axis system. Rotating X b about Y b through the angle of attack to the total aircraft velocity vector V p results in a coordinatesystem called stability axes, X s ; Y s , and Z s , originating from the center of gravity. In stability axes X s axis lies along the projection of V p onto the plane of symmetry, and the Z s axis is perpendicular to the X s axis and lies in the plane of symmetry pointing in the downward direction when the normal attitude of the aircraft is considered.The Y s axis is such that X s Y s Z s form a right-handed set. The wind axes (X w ; Y w ; Z w ) are obtained by rotating about Z s through the sideslip angle. In this axis system X w lies along V p and is, therefore, tangential to the ight path in the direction of motion (Fig. 2) . The Z w axis is the same as the Z s axis, and Y w is perpendicular to both X w and Z w so that X w Y w Z w form a right-handed set. The total transformation between the body axes and the Frenet axes is obtained through a series of rotations, with the stability and wind axes as intermediate steps. The sequence of rotations is a 2-3-1 rotation from the body axes about Y b through ®, about Z s through¯, and about X w through ¿ , which is de ned as the angle between the positive Y w axis and the positive Y f axis (Fig. 2) . Note that angle ¿ is not related to the torsion parameter of the second method mentioned earlier. The body angular velocity vector is de ned as
and by using the transformation and the relative velocity equation, the Frenet angular velocity components are
In Eq. (15), the absolute value signs are included based on the relation ! D v·, where v is the speed of the aircraft and ight-path curvature ·¸0 by de nition. 7 Therefore, ! is strictly positive. The angle ¿ can be calculated using Eq. (14) and the fact that q f D 0. The resulting equation for ¿ in terms of the body parameters is
Equations (10) and (11) require the rst derivative of p f and !. The resulting derivatives are
Using Eqs. (13-18) with velocity and velocity acceleration,the Beck maneuver performance and agility metrics can be calculated from simulation or ight data (see Ref. 7 ). The Beck maneuverperformanceand agilitymetrics, Eqs. (6-11), are expressed in terms of the Frenet system velocity, linear accelerations, angular accelerations, and angular rates. Using McKeehen and Cord's 7 rst method to transform to the Frenet coordinate system from the body axes, the Frenet-based rates and accelerationsare expressed in terms of the body-axis rates and accelerations. These expressions are Eqs. (13-18) . The body-axis linear accelerations can be expressed in terms of the total body-axis forces F x ; F y , and F z (sum of aerodynamic and propulsive contributions); body-axis linear velocities u b , v b , and w b ; and angular rates p; q, and r . The body-axis angular accelerations can be expressed in terms of the total body-axis moments L; M , and N (sum of aerodynamic and propulsive contributions); moments of inertia I x x ; I yy ; I zz , and I x z ; and the body-axis angular rates. The Beck maneuver performance and agility metrics are similarly calculated, but the Beck-axis terms P v; P p f , and P ! are now parameterized as follows:
Linear Error Theory
Linear error theory is a method of error propagation and of measuring the validity of linearity assumptions for nonlinear dynamic systems. It applies to both algebraic and dynamic systems. The severity of the nonlinearity can be measured by the use of a dynamic nonlinearity index, which Junkins de nes in Ref. 8 as
It represents the error between transition matrices 8 x0 .t ; t 0 /, which are linearizationsof the nonlinear system around a prespeci ed trajectory of the nonlinear system. It depends on the distributionof the initial state x 0 centered on the expected value, from initial time t 0 to current time t, normalized by the transition matrix of the reference trajectory. The transition matrix satis es
where J is the Jacobian matrix obtained by partial differentiation of the dynamic equations, evaluated about the reference trajectory. Here, the sup( ) operator extracts the maximum value of ( ) over the range of extreme (3¾ ) trajectoriessampled at time t on the trajectory x i .t /, which ensue from a 3¾ surface representinga worst-case nite sample of initial conditions centered on x 0 . The k. /k 2 denotes the Frobenious norm of a matrix. Because À.t ; t 0 / is measured over the bundle of trajectories that ensue from a family of lower probability initial condition errors (3¾ ), it is felt to be a conservativemeasure of nonlinearity. The value of À can range from zero (linear) to greater than one (very nonlinear).The uncertaintiescan be assumed to propagate linearly if À < 10 ¡2 . If this assumption is true, standard linear approximations and methods can be used. If the nonlinearity index is larger than this value, the linear approximationsare not valid, and other nonlinear methods must be used.
Numerical Evaluation of Sensitivity to Initial Conditions and Coordinate System
Four different ghter agility metrics ( 9 . All results were generated using the UCAV6 simulation. 3 It is a nonlinear, non-real-time, six-degree-of-freedom simulation program of an approximately 60% scale AV-8A Harrier that has been modeled as an unmanned air vehicle (UAV) by removing all pilot-speci c items and adjusting the weights and inertias accordingly.It contains steady, linear aerodynamic data in table lookup form, for angles of attack up to 35 deg. This is valid for the non-poststall results presented here. It also contains an engine dynamics model with table lookup thrust data and actuator dynamics together with rate and position limiting.
Test Case 1: Time to Roll Through Bank Angle
The nominal initial state is an altitude of 1000 ft, a velocity of 500 ft/s, and an aileron input command of 24 deg at 1.0 s. The initial condition variation is a velocity of §50 ft/s. Parametric variations are 1C lp § 15%, 1C l±a § 25%, and 1I x x § 10%. The runs labeled variation (¡) in Figs. 3-15 represent the combination of a ¡50-ft/s velocity error, ¡25% error in C l±a , ¡10% error in I x x , and 15% variation in C lp . The runs labeled variation (C) are the opposite in sign combinationof the same variations.The axial maneuverperformance and axial agility metrics exhibited only very slight variations from the nominal for all of the initial condition errors tested and are not shown. This is expected for a lateral maneuver because the Beck axial maneuver performance metric is simply velocity [Eq. (6)], and the Beck axial agility metric is simply acceleration [Eq. (9)]. The curvature maneuver performance and curvature agility metric time histories presented in Fig. 3 . Variations in the curvature maneuver performance metric for both positive and negative variations grow to almost a 50 ft/s 2 difference from the nominal. The curvature agility metric shows a large variation from the nominal result at time equals 0.9 s as the maneuver is initiated,but the variation is less than 10 ft/s 3 thereafter. Torsional maneuver performance and agility are presented in Fig. 4 . The small spikes at time equals 0.9, 1.1, and 1.2 s are due to nonlinearities in calculating the angle ¿ . Variations in the torsional maneuver performance metric for all three runs are signi cant, as the maximum difference is almost 500 ft/s 3 at time equals 1.25 s. The spikes in the torsionalagility metric are again due to nonlinearities in the angle ¿ and the calculation of P ¿ . Although variations in the torsional agility metric appear to be small due to the plot scale, variationsbetween the positive and negative variation runs are at least 2000 ft/s 4 for the majority of the maneuver. The nonlinearity index was calculated for each Beck maneuver performanceand agility metric of test case 1 . The nonlinearityindex for both the axial maneuver performance and axial agility metrics (not shown) are nearly zero for the entire time of the maneuver, indicating a linear propagation of initial condition errors in velocity, parametric uncertainty in x-axis moment of inertia, roll damping coef cient, and aileron control effectiveness. Figure 5 shows that the curvature maneuver performance metric is weakly nonlinear to initialconditionerrors because the nonlinearityindex reachesvalues over 0.4. The rst rise in nonlinearity is due to the divergence of the variation (¡) and variation (C) maneuver plane turn rates from the nominal result during time equals 0.9-1.1 s. This can be seen in the time histories of the curvature maneuver performance metric in Fig. 3 . As the variation (¡) and variation (C) trajectories converge to the nominal from time equals 1.1 to 1.6 s, the nonlinearity index for both variations decrease in value. This pattern is repeated again from time equals 1.6 to 2.0 s. The nonlinearity index time histories for the curvature agility metric show the propagation of initial condition errors to be strongly nonlinear. The primary cause is the divergence and convergence of the values of the maneuver plane turn rate and turn acceleration parameters from the nominal values. The nonlinearityindex for both the torsionalmaneuver performance metric and torsional agility metric are not shown because they are strongly nonlinear immediately on introduction of the input, and remain so thereafter. This behavior is due to a combination of the nonlinearityin ¿ and P ¿ , the behavior of the maneuver plane turn rate and turn acceleration, and the nonlinearity in the maneuver plane roll rate and roll acceleration. For comparison, the nonlinearity index time histories of variation (¡) and variation (C) for the time to roll through bank angle metric in Cartesian coordinates(see Ref. 9) are presented in Fig. 6 . When the magnitudes in Fig. 6 are compared to the magnitudes in Fig. 5 , initial condition errors and uncertainties propagate more nonlinearlyin the Beck metrics than the time to roll through bank angle metric in Cartesian coordinates.
In summary, for the same lateral maneuver, the Beck axial maneuver performance and agility metrics, together with the curvature agility metric, showed the least sensitivity to initial condition errors. In terms of error propagation, the curvature maneuver performance is weakly nonlinear to initial condition errors, and the axial maneuver performance and agility metrics are linear to them. All of the other Beck maneuver performance and agility metrics are strongly nonlinear to initial condition errors. When initial condition uncertainties and error propagation are considered, the time to roll through bank angle metric in Cartesian coordinates is judged to be less sensitive overall.
Test Case 2: Time Averaged Integral of Pitch Rate
The nominal condition is an altitude of 1000 ft and a velocity of 500 ft/s. Variations in pitch rate are introduced at time equals 0.38 s. Variation (C) is a pitch rate of 10 deg/s, and variation (¡) is a pitch rate of ¡10 deg/s. The input enters at 0.5 s as maximum pitch up, hold for 1 s, and then pitch down to zero load factor at 1.5 s.
The metrics of interest for this purely pitching maneuver are the curvature maneuver performance and curvature agility metrics (Fig. 7) . Curvature maneuver performance shows a slight variation when the input is introduced and also when the value of maximum pitch rate is achieved. The curvature agility metric is related to the pitch rate accelerations,and likewise exhibits only a small variation near time equals 0.5 s. Figure 8 shows the curvature maneuver performance metric to be linear to initial condition errors. However, variation (¡) and variation (C) for the curvature agility metric increase to a value over 2 during the initial phase of the maneuver, where the pitch command is introduced. The primary cause of the nonlinearity is the nonlinearity in ¿ and P ¿ , and the variation in the maneuver plane turn rate and turn acceleration parameters from the nominal case values. After the initial rise, the nonlinearityindex for both variation cases is nearly zero. Figure 9 shows the variation (¡) and variation (C) results for the time-averaged integral of pitch rate metric in Cartesian coordinates (see Ref. 9) . When the magnitudes are compared to those in Fig. 8 , for the same maneuver, the Beck curvature maneuver performance is nearly linear to initial condition errors in pitch rate. The Beck curvature agility metric is nearly identical to the Cartesian coordinate version, being linear except during the initial phase.
In summary, for measuring the time-averaged integral of pitch rate, the Beck curvature maneuver performance metric showed the least sensitivity to initial condition errors. In terms of error propagation, the Beck curvature maneuver performance metric is nearly linear to initial conditionerrors. When initialconditionuncertainties and error propagation are considered, the Beck curvature maneuver performance metric is judged to be less sensitive overall. 
Test Case 3: Power Onset Parameter
The nominal initial state is an altitude of 1000 ft and a velocity of 500 ft/s. The speed brake is deployed at time equals 0.1 s and retracted at time equals 3.5 s. Full throttle is commanded at time equals 3.5 s and held. For initial condition variations, variation (¡) is a ¡50-ft/s velocity error, ¡10% thrust error, and 10% drag error. Variation (C) is the opposite in sign combination of the same variations. Because the maneuver exhibits no maneuver plane roll rate, the torsional maneuver performance and agility metrics are not shown. Figure 10 shows the axial maneuver performance metric exhibiting a wide variation due to the initial condition velocity error. In comparison the axial agility metric exhibits almost no variation. A similar trend is seen for the curvature maneuver performance and curvature agility metric time histories in Fig. 11 . The maneuver performancemetric oscillatesas the maneuverplane turn rate oscillates, due to the pitch response induced from the speed brake extension and retraction. Variations in the curvature agility metric are very small at less than 10 ft/s 3 . The nonlinearity index for the axial maneuver performance metric is zero for the entire time of the maneuver and is not shown. This indicates that the metric is linear due to initial condition errors in velocity, thrust, and drag, as well as parametric uncertainty in drag. The nonlinearity index for the axial agility metric, shown in Fig. 12 , shows it to be weakly nonlinear. The curvature maneuver performance and curvature agility metrics are strongly nonlinear, reaching nonlinearityindex values well over 2.0 throughoutthe maneuver and are therefore not shown. The major effect is nonlinearity in the maneuver plane turn rate and in the angle ¿ . Figure 13 shows the variation (¡) and variation (C) results for the power onset parameter in Cartesian coordinates(see Ref. 9) . When the magnitudes are compared to those in Fig. 12 , for the same maneuver the Beck axial agility metric is much more linear to initial condition errors.
In summary, for measuring the power onset parameter, the Beck axial agility and curvature agility metrics showed the least sensitiv- ity to initial condition errors. In terms of error propagation, both the Beck axial maneuverperformancemetric and axial agility metric are nearly linear to initial condition errors, especially when compared to the Cartesian coordinate version of the metric. When initial condition uncertainties and error propagation are considered, the Beck axial agility metric is judged to be less sensitive overall.
Test Case 4: Power Loss Parameter
The power loss metric is tested at the same nominal conditions, inputs, initial condition errors, and parametric uncertainties as used for test case 3. Results for the axial maneuver performance, axial agility metric, curvature maneuver performance, and curvature agility metric showed the same basic trends as for the power onset parameter of case 3. The only notable difference is for the nonlinearity index of the axial agility metric (Fig. 13) , which is atter and has a maximum value only one-third of the power onset parameter. Nonlinearityindices for the curvaturemaneuverperformancemetric and curvature agility metric are again strongly nonlinear, reaching values over 2.0 more than once during the maneuver and are not shown. Figure 14 shows the variation (¡) and variation (C) results for the power loss parameter in Cartesian coordinates (see Ref. 9) . When the magnitudes are compared to those in Fig. 13 , for the same maneuver the Beck axial agility metric is clearly more linear to initial condition errors.
In summary, for measuring the power loss parameter, the Beck axial agility and curvature agility metrics showed the least sensitivity to initial condition errors. In terms of error propagation, both the Beck axial maneuverperformancemetric and axial agility metric are nearly linear to initial condition errors, especially when compared to the Cartesian coordinate version of the metric. When initial condition uncertainties and error propagation are considered, the Beck axial agility metric is judged to be less sensitive overall.
Conclusions
This paper investigatedthe relationship between initial condition error sensitivity and propagation to coordinate system for four nonpoststall agility metrics. A parameterization of Frenet-axis agility metrics was derived in terms of Cartesian body-axis forces, moments, and moments of inertia. Linear error theory was then used to perform an error propagation sensitivity analysis on each agility metric, using the same input data. Results were generated using a nonlinear, non-real-time, six-degree-of-freedomsimulation of an UAV.
Based on the results presented in this paper, it is concluded that the accuracy of measured agility metrics is directly in uenced by choice of coordinate system, according to the following: 1) To measure the lateral agility of an aircraft using the time to roll through bank angle metric, the Beck axial maneuver performance and axial agility metrics are both only weakly sensitive to initial condition errors, and these errors propagate almost linearly. The Beck curvature maneuver performance and curvature agility metrics are more sensitive and less linear, but by composition more appropriatelyquantifylateral maneuvers.However, for the same lateral maneuver, the time to roll through bank angle metric expressed in Cartesian coordinates is shown to be less sensitive and nonlinear overall than the Beck metrics, which are expressed in terms of the Frenet coordinate system.
2) For measuring pitch agility using the time-averaged integral of pitch rate, the Beck curvature maneuver performance metric was clearly less sensitive to initial condition errors and exhibited a more linear propagationof errors than all of the other Beck metrics tested. It was also less sensitive and more linear than the time-averaged integral of pitch rate metric expressed in Cartesian coordinates.
3) Results for the power onset parameter and power loss parameter were essentially the same, indicating that axial agility is best measured by the Beck axial agility and curvature agility metrics, which showed the least sensitivity to initial condition errors and a more linear propagation of errors. Both Beck metrics were also considerablyless sensitiveand more linear than their Cartesiancoordinate counterparts. Overall, the Beck axial agility metric is judged to be less sensitive overall for quantifying axial agility than any of the other metrics tested.
